Let D1 and D2 be coprime positive integers with min(D1, D2) > 1, and let p be an odd prime with p |D1D2. 
Introduction
Let Z, N be the sets of all integers and positive integers respectively. Let D 1 , D 2 be coprime positive integers with D 2 > 1, and let p be an odd prime with p |D 1 D 2 . In this paper, we deal with the number of solutions (x, m, n) of the equation
which is an exponential extension of the Ramanujan-Nagell type equation. Let N (D 1 , D 2 , p) denote the number of solutions of (1.1). For D 1 = 1, sum up the results of [5] , [12] and [19] , we have Recently, P.-Z. Yuan and Y.-Z. Hu [20] proved that if 4D 1 +1 is a power of p, then N (D 1 , 3D 1 + 1, p) = 2 except for N (1, 4, 5) = N (2, 7, 3) = 3. In this paper, we prove a more general result as follows. 
Preliminaries
For any nonnegative integer k, let F k and L k denote the k-th Fibonacci number and Lucas number respectively. (ii) gcd(F k , L k ) = 1, if 3 |k, 2, if 3|k.
(v) Every solution (u, v) of the equation
can be expressed as (u, v) = (L k , F k ), where k ∈ N.
Lemma 2.2 ([7]
). The equation
has only the solutions (k, z, s) = (6, 2, 3) and (12, 12, 2) . The equation
has only the solution (k, z, s) = (3, 2, 2). 
Lemma 2.3 ([6]). The equation
where ω = 2, 4 or 6 according to
where ( * / * ) k denote the Kronecker symbol. 
where p|m denote the product through distinct prime divisors p of m. 
has solutions (X, Y, Z), then it has a unique positive integer solution
is called the least solution of (2.1). Then we have
(ii) Every solution (X, Y, Z) of (2.1) can be expressed as
By (ii) of Lemma 2.7, we can obtain the following lemma immediately. 
has solutions (y, z) is that (2.1) has solutions (X, Y, Z) and its least solution
where λ ∈ {−1, 1}, and (2.2) has exactly two solutions (y, z) = (X 1 , Z 1 ) and
then one of the following conditions must be satisfied.
Proof: This lemma can be immediately inferred from ( [14] ,Theorem) and ( [8] ,Theorem 1) for d 2 = 2 and d 2 > 2, respectively.
Lemma 2.11 [15] . The equation
Lemma 2.12 [11, 13] . The equation
has only the solution (x, y, n) = (3, 2, 3).
Lemma 2.13 [17] . The equation
has only the integer solution (x, y, n) = (11, 5, 3) .
Lemma 2.14 [3, 4] . The equation
has no integer solution (x, y, m, n) with 2 |m .
Lemma 2.15
The equation
has no solution (r, s).
Proof:
If s > 1, we infer from Lemma 2.13 that r is odd. Then, by Lemma 2.14, we know that (2.4) has no solution (r, s). The lemma is proved.
Lemma 2.16
Proof: Since p s ≡ 4 · 3 r + λ ≡ 3 or 5 (mod 8), we get 2 |s. Then, we infer from Lemma 2.12 that 2 |r. Hence, by (2.5), we get
Notice that gcd(p−λ, A Lehmer pair is a pair(α, β) of algebraic integers such that (α + β) 2 and αβ are non-zero coprime rational integers and α/β is not a root of unity. For a given Lehmer pair (α, β), one defines the corresponding sequence of Lehmer numbers by
Let (α, β)be a Lehmer pair. The prime number p is a primitive divisor of the Lehmer number
..u n−1 . A Lehmer pair (α, β) such that u n (α, β) has no primitive divisors will be called n-defective Lehmer pair. Further, a positive integer n is totally non-defective if no Lehmer pair is ndefective.
Two Lehmer pair (α 1 , β 1 ) and (α 2 , β 2 ) are equivalent if α 1 /α 2 = β 1 /β 2 ∈ {±1, ± √ −1}. For equivalent Lehmer pairs, we have u n (α 1 , β 1 ) = ±u n (α 2 , β 2 ). Therefore, one of them is n-defective if and only if the other is.
Lemma 2.17 [1, 18] .
Let n satisfy 7 ≤ n ≤ 30 and 2 |n. Then, up to equivalence,all n-defective Lehmer pairs are of the form (
, where n, a, b are given below:
3 The solutions of (1.1) with 2 |m
Let min(D 1 , D 2 ) > 1, and let (x, m, n) be a solution of (1.1) with 2 |m. Then (2.1) has the solution
2)
where (X 1 , Y 1 , Z 1 ) is the least solution of (2.1).
Lemma 3.1 t ∈ {1, 3} for (3.2).
Proof:
we see from (3.4) that α and β are roots of
, and hence, they are algebraic integers. Notice that (α + β)
Let u n (α, β)(n ∈ N) be the corresponding Lehmer numbers defined as in (2.7). From (3.3) and (3.4), we get D
, we see from (3.6) that the Lehmer number u t (α, β) has no primitive divisor. Therefore, by Lemmas (2.17) and (2.18), we obtain t ≤ 5.
We are now to remove the case t = 5. For this case, by (3.2) and (3.3) we have n = 5Z 1 and
If m = 1, then from (3.7) we get Y 1 = 1. Hence, by (3.5), (2.2) has two solutions (y, z) = (X 1 , Z 1 ) and (x, 5Z 1 ). But, by Lemma 2.9, it is impossible.
If m > 1 and 5 |D 2 , since gcd(
Notice
If m > 1 and 5|D 2 , then we have
Notice that D 2 > 1 and F 6 = 8, we infer from Lemma 2.1 that
then we have min(
Using (ii) and (iii)of Lemma 2.1 on (3.10), we get either
m or L 3l+3 = 2z m with some positive integer z > 1. We can also exclude this case by applying Lemma 2.2 or 2.3 according to whether z is a power of 2 or not. Thus, we get t = 5 and t ∈ {1, 3}. The lemma is proved.
Let N 1 (D 1 , D 2 , p) denote the number of solutions of (1.1) with 2 |m. Then we have Lemma 3.2 N 1 (D 1 , D 2 , p) ≤ 1 except for the following three cases:
Proof: By Lemmas 2.8 and 3.1, we have
Moreover, by Lemma 3.1, if (1.1) has two solutions (x 1 , m 1 , n 1 ) and (x 2 , m 2 , n 2 ) with n 1 < n 2 and 2 |m 1 m 2 , then
, n 1 = Z 1 (3.14)
and
By (3.14) and (3.15), we get
When m 2 = m 1 , by (3.14) ,(3.15) and (3.16), we obtain the case (i) immediately. When m 2 > m 1 , we see from (3.16) that 3|D 2 and If m 1 = 1, then from (3.14) and (3.17) we obtain 
Substitute (3.20) into (3.5), we have
Further, since p is an odd prime, if λ = −1, then from (3.21) we get 2 · 3 l + 1 = p Z1 and 2 · 3 l − 1 = 1. It implies that l = 0 and p = 3, which contradicts the assumption p |D 1 D 2 . So we have λ = 1. By applying Lemma 2.16 to (3.21), we get Z 1 = 1. Thus, we obtain the case (iii). The lemma is proved.
4 The solutions of (1.1) with 2|m
Let min(D 1 , D 2 ) > 1, and let (x, m, n) be a solution of (1.1) with 2|m. Then the equation
has the solution
Since min(D 1 , D 2 ) > 1, by applying Lemma 2.7 to (4.1) and (4.2), we have
3)
where (X 1 , Y 1 , Z 1 ) is the least solution of (4.1). Using the same method as in the proof of Lemma 3.1, we can prove a similar result as follows.
Lemma 4.1 t ∈ {1, 3} for (4.3).
Let N 2 (D 1 , D 2 , p) denote the number of solutions (x, m, n) of (1.1) with 2|m. Then we have
where l is a positive integer.
Proof: By Lemma 4.1, we have N 2 (D 1 , D 2 , p) ≤ 2. Moreover, If (1.1) has two solutions (x 1 , m 1 , n 1 ) and (x 2 , m 2 , n 2 ) such that 2|m 1 , 2|m 2 and n 1 < n 2 , then, from (4.4) we have
, n 1 = Z 1 (4.6) and
By (4.6) and (4.7), we get
When m 2 = m 1 , since 2|m 1 , by taking modulo 3 on two sides of (4.8), we obtain
= p Z 1 , we get from (4.9) that 3p 
Put l = m 1 /2. By (4.6) and (4.10), we get the first three equalities of (4.5). Substituting them into (4.1), we get 4 · 3 2l−1 + λ = p Z 1 . By Lemma 2.16, we have Z 1 = 1, and the 4th equality of (4.5) follows. Thus, the lemma is proved. 
By (5.1), we get p Z1 ≡ 3 (mod 4), which implies that p ≡ 3 (mod 4). We suppose that (1.1) has a solution (x, m, n) with 2|m. Then we have (−D 1 /p) = 1, where ( * / * ) denotes the Jacobi symbol. But, by (5.1) , we get
The lemma is proved.
Lemma 5.2 ([19]
). Let a ∈ N. If 4a + 1 is a power of p, then the equation
n has no solution (x, m, n) with 2|m except for a = 1 or 2.
Lemma 5.3 . The equation
has no solution (u, r, s).
Proof: We suppose that (5.2) has a solution (u, r, s). If 4|s, then we have 6u 2 ≡ 7 s −1801 2r ≡ 0 (mod 200). It implies that 10|u and therefore u = 10v, where v ∈ N. Substitute it into (5.2) , we get 600v 2 + 1801 2r = 7 s . But, since 4|s, 1801 = 3 · 600 + 1 and 4 · 600 + 1 = 7 4 , by Lemma 5.2, it is impossible.
If 2||s, then we have u 2 ≡ 6u 2 ≡ 7 s − 1801 2r ≡ 3 (mod 5). But, since (3/5) = −1, it is impossible. Therefore, we obtain 2 |s.
We see from (5.2) that the equation
has the solution (X, Y, Z) = (1801 r , u, s). Since the least solution of (5.3) is (X 1 , Y 1 , Z 1 ) = (1, 1, 1) , by (ii) of Lemma 2.7, we have On the other hand, we see from (5.2) that the equation
has the solution (x, m, n) = (u, r, s). Therefore, since 3 |s, by Lemma 4.1, we have s = Z 1 , where (X 1 , Y 1 , Z 1 ) is the least solution of (4.1) for (D 1 , D 2 , p) = (6, 1801, 7). By (i) of Lemma 2.7, we get 2Z 1 |h(−4 · 6 · 1801 2 ). But, by Lemmas 2.4 , 2.5 and 2.6, we can calculate that h(−4 · 6 · 1801
2 ) = 3600, a contradiction. Thus, the lemma is proved.
Lemma 5.4 ([8] ,in the proof of Lemma 2). The equation
has no solution (x, y, n).
Lemma 5.5 . If positive integers X, Z satisfy
has no solution (x, m, n).
Proof: By (5.8) and Lemma 5.4, we get Z = 1 or 2. Let (x, m, n) be a solution of (5.9). If (1, 2X, Z) is the least solution of (2.1) for d 1 = 1, d 2 = 3, then Z|n. By (5.9), we have X|x. From Lemma 5.2 applied for a = 3X 2 , we know that m must be odd, a contradiction. Arguing in the same way, we can prove that (5.9) has no solution with 2|n. Now, we suppose that n is odd. If (1, 2X, Z) is not the least solution of (2.1) for On using Lemma2.7, we have
Notice that 4|B and 2 |n, we can simple exclude
Now,we can deduce from (5.12) and (5.13)that 14) and any prime factor of A is a factor of 9X 2 + 1. So we get A = 1 and 3B 2 = 0 or 2, a contradiction. Thus, the lemma is proved. Proof: Under the assumption, we have
We see from (5.16) that the equation
has the solution (A, B, C) = (1, 2X 1 , Z 1 ). Let (A 1 , B 1 , C 1 ) be the least solution of (5.17), by Lemma 2.10, one of the following three conditions must be satisfied: 
For the case (5.18), (5.21) and (5.22) can be written as
respectively. By (5.24), we get 2X 1 |x. So we have x = 2X 1 y with y ∈ N. Substituting it into (1.1), we get ( 
